MAS212 Linear Algebra | 2007-2008

Coursework 8 — Solutions

Exercise* 1.
(a) L is linear, since, if A, B € R"*" and «, 3 € R, then

L(aA+ (B) =3(aA+ B) = 3aA+ 3068 = aL(A) + BL(B).
(b) L is linear, since, if A, B € R™™ and «, f € R, then
L(aA + BB) = (aA+ BB)' + (A + B3B) = aA" + 3BT + aA + 3B
= a(AT + A) + B(B" + B) = aL(A) + BL(B).
(c) L is not linear since L(O) = —I # O.
(d) L is linear, since, if A, B € R™™ and «, § € R, then
L(aA+ (B) = C(aA+ B) — (@A + B)C = aCA+ CB — aAC — BC
=a(CA—- AC)+ pB(CB - BC) = «aL(A) + BL(B).
(e) L is linear, since, if A, B € R™" and a, 3 € R, then
L(aA + BB) = C*(aA + BB) = aC?A + BC?B = aL(A) + BL(B) .
(f) We need to distinguish two cases: if C' = O, then L is clearly linear. On the other hand, if
C # O, then L is not linear, since, for example,
L(2I) = (21)*C = 4C # 2C = 2I°C = 2L(I) .
Exercise* 2.

(a) L is not linear, since (L(0))(t) = t # 0(t), so it does not map the zero polynomial to the
zero polynomial.

(b) L is linear, since if p,q € P» and o, f € R, then

(L(ap+£q))(t) = t(ap+ 5q)'(t) + (ap+ 5q)"(t) = atp'(t) + Btq'(t) +ap” (t) + 39" (t)
= a(tp'(t) + p"(t)) + Btd'(t) +q"(t)) = a(L(p))(t) + B(L(a))(t),

L(ap + fq) = aL(p) + SL(q) .

Exercise* 3. Suppose that L is one-to-one. We need to show that if L(v) = 0, then v = 0. In order
to see this, suppose that L(v) = 0. Then L(v) =0 = L(0), so v = 0 because L is one-to-one.

Conversely, suppose that ker(L) = {0}. We need to show that if L(v;) = L(v3) then v = va.
In order to see this, suppose that L(vy) = L(vs). But then L(vy; — vy) = L(vy) — L(v2) = 0,
hence vi — vy € ker(L), and thus v; — vy = 0, that is v; = vy, since ker(L) = {0}.
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L(e)) = (0) . L(ey) = ( 1 ) ,
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the matrix representation of L with respect to the standard bases is
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Exercise* 4. (a) Since



(b) Since

0 0 -1
0 s L(ez) = 1 s L(eg) = 2
0 —4 1

L(ey) =

Y

the matrix representation of L with respect to the standard bases is

0 -1
1

(c) Since

sen= (7). tea= (). tlea=(3).

the matrix representation of L with respect to the standard bases is

0 1 1
1 -1 7/)°
Exercise* 5.

(a) Let & be the standard basis for R?. Since

0 1 0
L(el) = —1 ) L(GQ) = 0 ) L<e3) = 1 )
2 0 1

the matrix representation of L with respect to the standard bases is

b) Observe that [L]8 and [L]¢ are related by
B £
[L]g —lgl [L]gfs

where Pg is the transition matrix from B to the standard basis given by

1 -3 2
Ps=|0 1 0
-4 12 -7
But, by Exercise 3 (b) on Coursework 7,
—7 3 =2
Pit=(0 1 0],
4 0 1
SO
—7 3 =2 0 10 1 -3 2 —-11 26 -21
La=Ps'[LEPs =0 1 0 -1 0 1 0 1 0]=|-5 15 -9
4 0 1 2 01/ \-4 12 -7 -2 10 -3



Exercise®* 6. (a) In order to calculate the matrix representation of L with respect to P, we need
to calculate L(p;) for j = 1,2,3 and express each result as a linear combination of the basis
vectors in P. Now

(L(p1))(t) = tp}(t) +pl(t) =t-0+0=0,
(L(pa2))(t) = tph(t) +ps(t) =t-1+0=1t,
tpy(t) + Pi(t) =t - 2t +2 =2+ 2%,
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L(p1) = Op1 + Opy + Ops

L(p;) = Op1 + 1p, + Ops

L(ps) = 2p1 + Opy + 2p3
hence

0
[L]p = |0
0

o = O

2
0
2
(b) In order to find the transition matrix from Q to P we need to express the vectors q; for

7 =1,2,3 as linear combinations of the basis vectors in P. Now

a = 1lpr + 0Op2 + Ops

q@ = 0Op1 + 1p2 + Ops

q3 = 1lp1 + Op2 + 1ps
)

As the transition matrix from P to Q is just the inverse of S, we find (after a quick Gauss-
Jordan inversion)

10
St=rdf=[0 1 0
00 1
(c) Since

we obtain
10 00 1 1
[L]g=10 1 0 01 010]|=
00 00 001

o O O
S = O
N OO

(d) Let A = [L]3. First we notice that the Composition Formula implies that [L"]§ = A", so by
the Matrix Representation Theorem,

[L"(p)]o = [L"]3 [Ple = A"[Ple -
But A is diagonal, so

00 O
A=10 1 0
00 27
Thus, since [plo = (a1, s, a3)T, we find
00 O o1 0
[L"(p)lo= (0 1 0 Qz | = | Q2 5
0 0 27 (0% 2”043

and hence

L'(p) = aeqo + 2"a3q3, o (L"(p))(t) = ast + 2"as(1 + t%).



